An approach to generate the tunable fractional vector curvilinear beams (VCBs) was proposed. The scheme is based on the vector optical field generator (VOFG) system, where the two orthogonal polarized scalar curvilinear beams (SCBs) are generated to be the base vector components, and coaxially superposed by a Ronchi grating. We design a new phase distribution with several loops of 0 to π in order to generate more dark gaps. The phase distribution becomes nonuniform by varying the phase variation rate and the positions of the dark gaps are changed. Using the different parameters of the curves, the fractional VCBs with different shapes are achieved. The two orthogonal polarized SCBs with the opposite topological charges are modulated to perform the beam conversion by a phase-only computer-generated hologram (CGH). Our experimental results comply with the theory and the radial opening of the dark gaps may have some applications for guiding and transporting particles.
Introduction
The vector beam (VB) plays a very important role in the long history of the optical development. As is known to all, VB has attracted a lot of attention due to its special features with spatially polarized structures, which have been used for laser processing of materials [1] , [2] , imaging application [3] , [4] , optical manipulation and optical trapping [5] . Recently, many methods of VBs generation have been proposed, and some of them designed and used the special optical elements, such as conical Brewster prism [6] , single plasmonic metasurface [7] , subwavelength gratings [8] , [9] , and interferometers [10] . Also, there are some other methods to directly generate VBs via the specially designed lasers [11] , [12] . In 2016, Li et al. proposed the concept of the perfect vector beam (PVB) [13] , which is a combination of the VB and the perfect optical vortex (POV) [14] . In 2018, Pradhan et al. reported the generation of the perfect cylindrical vector beams (PCVBs) [15] . Based on the special interferometric method, the ring width and diameter are completely controlled, respectively.
Beam shaping has extensive effects on optical trapping [16] , and the design of more shapes of the vortex beam can be widely used in the optical cage [17] , optical regulation and acceleration of microparticles [18] . Subsequently, many ideas of applying beam shaping to scalar field have been proposed. In 2017, Kovalev et al. generated an elliptic perfect optical vortex (EPOV) beam [19] , and Porfirev et al. studied the non-ring POV in 2018 [20] . Also, many works of the beam shaping using the digital micromirror device (DMD) have been reported, such as shaping the symmetric Airy beam [21] and the vortex symmetric Airy beam [22] , generating the accelerating peculiar polygon beams [23] and the POV beams with large topological charges [24] , and superpixel modulating the intensity and phase of the beams [25] .
Due to the widespread application of VBs, the shaping of VBs becomes more important. In fact, more useful states and shapes can be provided by adjusting the degree of polarization and spatial freedom of the vector beams. In 2016, Mitchell et al. proposed a method to generate and switch VBs with spatially controllable intensity, phase and polarization using the DMD [26] . Afterwards, Li et al. applied the beam shaping to the PVB using the spatial light modulator (SLM), and achieved the elliptic perfect vector beam (EPVB) [27] . Changing from scalar field to vector field, such kind of the beam may provide more potential applications for vector optical field shaping, like complex optical trapping [28] . But it should be pointed that the beam shaping is rarely relation with the vector beams having the fractional topological charge.
Fractional optical vortex is a special vortex beam where the topological charge is a fraction [29] . The bright ring has a special and distinctive radial gap, and it will provide more additional control parameters. More investigations in the fractional optical vortex have been reported, such as the study of spiral phase about fractional vortex beams [30] , [31] , the orbital angular momentum, the topologically structured darkness of a fractional vortex beam [32] , the "perfect" fractional vortex beams [33] , and so on. Many methods generating the fractional optical vortex beams have also been proposed where different elements were used, including spiral phase plate [34] , optically uniaxial crystals [35] and forked diffraction gratings [30] . Considering the unique nature, the fractional optical vortex beam may be used in optical sorting [36] , guiding, transporting and trapping particles [37] , the manipulation in multiple microparticle [38] and the anisotropic edge enhancement [39] . However, few reports about fractional VBs have been reported.
In this letter, the fractional optical vortex, VB and beam shaping are realized in one system, and we use a method to generate the fractional VBs along the arbitrary curves, which is called the fractional vector curvilinear beams (VCBs), and change the parameters of the curvilinear beams, in order to achieve more shapes. On this basis, we generate more dark gaps by designing fractional phase distributions, and the positions of dark gaps are changed by varying the phase variation rate. The experimental results well comply with the simulation results.
Principle of the Technique
First, we begin to shape a scalar curvilinear beam (SCB), and its intensity and phase distribution follow a prescribed 2D curve. This method was reported by using a modified technique which is a holographic beam shaping technique [40] , [41] . So at the incident plane, the complex amplitude is mathematically written as
where k = 2π/λ, λ is the light wavelength, L is the length of the curve, c(t) = [x 0 (t), y 0 (t)] represent the discretional 2D curve in the coordinate, and t ࢠ (0,T). The complex function g(t) is calculated as Parameters of Curves the parameter c(t) = dc/dt = [x 0 (t), y 0 (t)], and the phase distribution function ϕ(t) is expressed by
where l is the topological charge, α is a real number which is actually used for determining the phase variation rate of the curve c(t). In general, when α = 1, the phase variation is uniform, when αࣔ1, the phase variation is nonuniform. The |c'(t)| is determined by
It is worthwhile to note that the amplitude distribution of the field along the curve is proportional to the |c'(t)|, and the curve length L is:
Consequently, the |c'(t)| in Eq. (2) is a parameter to make sure the uniform distribution of intensity along the curve [40] . And the real function S(t) in Eq. (3) is defined as
it is used to control the amplitude and phase of the curve. Then, in order to strengthen the pattern extinction phenomenon and enhance the obvious extent of the fractional radial gap, we consider to turn the above generated 2D curve beam into a curve with controllable thickness by using one of the methods which we previously reported [42] . So the complex computer-generated hologram (CGH) E (x, y) is simply calculated from the summations of all the incident fields which is under the different radius of the curves, and it is mathematically written as follow:
where A i is a weight factor responsible of the curve, it is used to regulate the distribution of the amplitude. We choose the width to be n = 8 in the experiment. In order to change the shapes of the curves, we use the method in our paper previously reported [42] . The parametric expressions of each curve (x 0 (t), y 0 (t)) are listed in Table 1 , where t ࢠ [0, 2π], the shape of the polygon can be changed according to the value of c, such as trefoil (c = 3), quatrefoil (c = 4), pentagram (c = 5), hexagon (c = 6) and so on. In this paper, the case of quatrefoil (c = 4) is selected in the experiment, and by using different parameter expressions, we can obtain different shapes of the SCBs.
For the purpose to achieve the fractional SCBs, we change the topological charge to be halfinteger. Fig. 1 shows the simulated results of the intensity patterns and the phase patterns with different curvilinear parameter expressions and topological charges l. As shown in Fig. 1(a1) and Fig. 1(a2) , there is a dark gap on the bottom (initial position) of the intensity pattern when l = −0.5, but the dark gap disappears when l = −1. This novel and interesting phenomenon can be explained using the phase patterns. In Fig. 1(b2) , when l = −1, the whole phase is completely and uniformly distributed, and it increases azimuthally from 0 to 2π in a counterclockwise direction (it will increase azimuthally clockwise from 0 to 2π when l = +1). While l = −0.5, refering to Fig. 1(b1) , the phase just increases from 0 to π. It should be pointed that there is no phase discontinuity when l is an integer, correspondingly, the intensity patterns are complete which means no dark gap appears. A phase difference (π) on the bottom when l = −0.5 results to the phase discontinuity and a dark gap is showed. Now we apply this interesting theory to the cases of higher order fractional topological charges. Fig. 1(b3) and (b4) show two different phase distributions of l = −1.5 at the same time. The Fig. 1(b3) is the case of normal phase pattern, which completely produces an azimuthal phase variation of 3π. The phase from 0 to 2π represents the integer part, and the phase from 0 to π indicates the fraction part. There is one phase discontinuity with the value of π and a dark gap is located at the bottom. Instead of the case of normal phase pattern, we design a new mode of the phase [43] , namely, the phase distribution is divided into three parts of 0 to π, and it produces the same azimuthal phase variation of 3π. As shown in Fig. 1(b4) , we change the phase distribution in normal mode. When the value of the integer part between π and 2π minus π is performed, the phase of the integer part is consist of two same parts (0 to π). Combining with the phase of the original fraction part, there are three phase distributions from 0 to π. The important thing is that the total phase distribution of the 3π is unchanged, which means that the topological charge still equals to 1.5. By using a conditional function to replace the original phase distribution function ϕ(t) above, several phase distributions from 0 to π can be realized. The conditional function ϕ 2 (t) is expressed as
Where m represents a complete set of integers from 1 to the integer part of the l, Z represents the positive integer. During one phase period from 0 to 2π, the part of π to 2π will be subtracted by π, and two phase distributions from 0 to π appear. For example, when l = 1.5, m = 1; when l = 2.5, m = {1, 2}; and when l = 5.5, m = {1, 2, 3, 4, 5}. Based on the method, when l = 1.5, there are three dark gaps in the intensity pattern which are located at three positions with the same azimuth interval of 120°. The essential reason of the formation of these dark gaps is the discontinuity of the phase. Using this phase distribution theory, more dark gaps in the different situations are realized. We further simulated the case of l = −2.5, which is shown in the last column of Fig. 1 . The simulation has five dark gaps, which is satisfied with our previous theory. It is worthy mentioned that the simulation results above are carried out in the case of α = 1, and all of the phase variations are uniformly distributed. No matter what the topological charge is and how many dark gaps there are, they are always evenly distributed by a degree of azimuth, like l = ±1.5, the dark gaps are located at each position of 120°. Now we change this situation through the parameter α, and Fig. 2 shows the simulation results of the distinctive intensity patterns and controlled phase variations with topological charge l = −1.5 and different parameters α. The results of the simulation show that the phase variation rate has been changed, and the positions of the dark gaps on the intensity patterns are also moved. It broadens the theory of the uniform distribution of the azimuth, and the uneven distribution of the dark gaps is displayed.
In the experiment, we choose the vector optical field generator (VOFG) system [44] , [45] . First, we use the Eq. (1), Eq. (7) and Eq. (8), and give the opposite topological charges to calculate the complex amplitude fields of E L (x, y) and E R (x, y), which are used to generate the two base scalar beams of the fractional VCBs. Then we treat the two complex amplitude fields as two orthogonal polarized optical channels, and two phase shifting factors of exp(i 2πx sin φ x /λ) and exp(i 2πy sin φ y /λ) are imposed to each direction of the channels. Using two quarter-wave plates (QWPs), the pair of base scalar beams is transformed into the mutually orthonormal circular polarization states. Consequently, the total complex CGH which are used to generate the fractional VCBs at the incident plane is mathematically calculated as At last, we use the "double-phase" method [46] , [47] to encode this complex value E total (x, y) into a phase-only CGH which is imprinted on a SLM (Holoeye Leto, 6.4 μm pixel pitch, 1920 × 1080 resolution).
Experimental Setup
The experiment setup of the VOFG system is shown in Fig. 3 . A laser beam with a wavelength of 532 nm launched from a solid-state laser is collimated and expanded through a beam expander which is consist of two lenses. Then the beam arrives at the SLM plane, and the diffracted beams which are generated from the reflective SLM pass through the 4f optical filtering system, and under the influence of the two phase shifting factors which are mentioned above, the diffracted beams are spatially filtered towards horizontal (x-) and vertical (y-) direction, respectively. Two quarter-wave plates (QWPs) are immediately behind the filtering plane, to realize the function of polarization transformation of the separated beams which are converted into left and right circular polarization components. Ronchi grating is also placed at the end of the 4f system to achieve the coaxial superposition of this two divided base vector beams, and the last lens of L3 (f = 100 mm) is used to make this pair of base beams spread into the focal plane through the Fourier transformation (FT). At last, the experimental intensity patterns of the fractional VCBs are recorded by using the charge coupled device (CCD) camera, and the pattern extinction phenomenon appears by rotating the analyzer (P2).
Results and Discussion
The fractional VCBs are generated by our method, as illustrated in Figs. 4, 5 , and 6. The phase distribution is divided into several parts of 0 to π. The experimental results are consistent with the expectations of the simulation. The difference of the extinction phenomenon between the polarizers (marked with red dashed circles) and fractional order (marked with blue dashed circles) is clear. Unlike the conventional topological charge of integer, the polarization state is changed in a half of phase period. While the topological charge is 0.5, the polarization state was rotated by 180 when it returns to the initial position. So the polarization state does not show the radial polarization state which is shown in the case of l = 1, and the polarization state is uncertainty at the initial position [44] , where a dark gaps can be observed without analyzers. In the case of l = 1.5, the polarization state shown is equivalent to three repetition of l = 0.5. The dark gap occurs at the discontinuity of the phase, which means that there is an uncertain polarization state. More positions of the phase discontinuity, and more dark gaps. Using our method, when the fractional topological charge is increased, more dark gaps can be realized.
The results of the tunable fractional VCBs with controllable phase variations by changing the parameter α are shown in Fig. 7 , we select the shape of the quatrefoil for experimental verification and choose to change the different parameters α with the topological charge of l = 1.5. Both the dark gaps caused by the fractional order (marked with blue dashed circles) and the extinction phenomenon caused by polarizers (marked with red dashed circles) have changed, the experimental results are in agreement with the simulation results. An interesting phenomenon is that the extinction region will become with the increasing of α when the fast axis direction of the polarizer is at 90°. The reason is that the delay of polarization gradient is caused by the retardance of the phase variation in the lower left corner.
It should be highly noted that compared with the traditional cylindrical vector beams (CVBs), the polarization structure of the fractional VCBs is asymmetric. The CVBs can be geometrically represented by the higher-order Poincaré sphere [48] , and its polarization structure is rotational symmetric. When the rotational symmetry of the CVB is broken, the intrinsic vortex phases carried by the two spin components of the VB, is no longer continuous in the azimuthal direction, and leads to the spin accumulation occurring at the edge of the beam [49] . Due to the inherent nature of the phase and independency of light-matter interaction, the observed photonic spin Hall effect (SHE) is intrinsic [50] . Based on the above theory, for the fractional VCBs we proposed, due to the discontinuity of the phase, the rotational symmetry of the intensity is also broken, and it can be considered that a spin-dependent splitting (SDS), or the intrinsic photonic SHE, should present during the process of propagation. Depending on the analysis, the polarization structure of the vector polarization could not keep the initial shape during the propagation. In this regard, it may reveal some new ideas for the generation and manipulation of spin-polarized photons. 
Conclusions
On balance, we propose a simple and feasible method which allows the generation of tunable fractional VCBs. We design the fractional phase distribution which is divided into several parts of 0 to π, and get more dark gaps. By modifying the parameter α in the formula, we can also adjust the phase variation rate, and control the position of the dark gaps according to the above theory of phase distribution. Then we change the parameters of curves, and obtain the tunable fractional VCBs with more shapes. In the experiment, we generate the tunable fractional VCBs by the space orthogonal superposition of two base fractional SCBs with left and right circular polarization components and opposite topological charges. Our experimental results comply with our theoretical predictions, and the radial opening of the dark gaps may be used to guide and transport particles.
